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ABSTRACT: Fourier transform methods were used to analyze the behavior of linear viscoelastic systems in free oscillation, 
After impulse loading, the asymptotic behavior is as a damped harmonic oscillator. Although the complex dynamic modulus 
G*(w) can be easily calculated from this asymptotic response, it is determined at a complex value of w with a real part equal 
to the frequency of oscillation and an imaginary part equal to the damping constant. For many systems of interest, however, 
a simple analytic continuation can be used to obtain values of G* at real values of w .  

nstruments based on linear viscoelastic systems in free I oscillation offer useful (and often relatively inexpensive) 
methods for measuring viscoelastic properties of polymers 
and other materials.’ StruikZ pointed out, however, that 
all previous analyses of such devices were in error, and gave 
a detailed analysis of the problem. In his approach, he 
assumed the existence of a discrete distribution of relaxation 
times and then developed an equation for the response of 
such linear systems in terms of the set of Maxwell model spring 
constants and relaxation times. He then showed that the 
asymptotic behavior was a damped harmonic oscillation and 
suggested a method of successive approximations for deter- 
mining the real and imaginary parts of the complex dynamic 
modulus. 

In this paper we present an alternative analysis of freely 
oscillating linear viscoelastic systems that requires no assump- 
tions about a distribution of relaxation times. Indeed, the 
only assumption required is that of linear behavior. The 
analysis is cast in terms of a torsional pendulum driving a 
viscometer containing a viscoelastic fluid since this is the 
experimental arrangement used in our laboratory in a study of 
concentrated polystyrene solutions. a 

Analysis 
We will consider a torsional pendulum driving a viscometer 

probe in a viscoelastic fluid. Writing a torque balance on 
the inertial element of the pendulum gives 

z - + T(t )  = TE(t) (dd:) 
where B is the angle of deflection, I is the moment of inertia, 
T( t )  is the sum of the torques due to the viscoelastic responses 
of the fluid in the viscometer and of the pendulum itself, and 
TE(t) is any externally applied torque. If we take the Fourier 
transform of eq 1 we find 

where v is the transform variable and a bar over a function of 
time implies its Fourier transform. We know that if an ele- 
ment of any linear viscoelastic fluid is subjected to an arbi- 
trary shear strain as a function of time, y ( t ) ,  and responds 
with an associated shear stress, T( t ) ,  we can write4 
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~ ( v )  = G*Y(v) (3) 
where G* is the dynamic modulus considered as a function 
of v. Consequently, the transform of the viscoelastic torques 
can be written 

T = (KG* + k*)8 (4) 

where K is a constant which is a function of the geometry of 
the viscometer and k* is the contribution from the pendulum 
(preferably an experiment should be designed so that k* is 
small compared to KG*). 

If the pendulum is set into oscillation with an impulse 
torque at t = 0 

TE = TOS(t) ( 5 )  

where 6( t )  is a Dirac delta function. We can write 

(6) 8 = To/[(KG* + k*) - ZV’] 

and 

e = 2s + m  exp(ivt)dv 
2~ - m  (KG* + k*) - ZV’ (7) 

where i is d- 1. Since we are not interested in the transients, 
we look for the asymptotic solution to the above contour 
integration. This is most easily done by the saddle-point 
technique6 (sometimes called the method of steepest descent). 
To apply that technique we write the above integral as 

$-T expMv, Oldv (8) 

where 

g = ivt - In [(KG* + k*) - Zv2] (9) 

We need that value of v that maximizes g. Thus 

[d(KG* + k*)/dv] - 2Zv 
= 0 (10) dg - = i t -  

dv (KG* + k*) - ZV’ y 3 y o  

or 

~ (11) 
[d(KG* + k*)/dv] - ~ Z V  

KG* + k* - ZVO’ = 
it Y l Y 0  

After a sufficiently long time, the right-hand side of eq 11 
effectively vanishes and the appropriate value of vo  is defined 
by the equation 

YO’ (KG* + k*)/Z (12) 
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Returning to eq 8, we now write g(v, t)  as a Taylor series 
about vo, and get 

The term g”(vo) is the second derivative of g(vo, t )  with respect 
to v evaluated at yo ,  and it is not a function of t .  Neither, 
of course, are any of the higher derivatives. It has been 
shown5 that for sufficiently large values of t only the first two 
terms in the series are required, and we obtain 

e =  

2a(KG* To + k*) exP(ivoOS+o - m  exp{ig”(vo)(u - vO)z 

Since it can be shown that the real part of g”(vo) is negative, 
the above integral exists. The product of the integral and the 
factor in any system is a constant, so we can write 

0 = eo exp(iv0t) (1 5 )  

Or by identifying v o  with the decay frequency of the pendulum 
after steady damped sinusoidal motion has been established, 
we can write 

6 = Bo exp(iwt) (16) 

Now if we express w in its complex form 

w = YO (1 7) 
where 

w = w‘ + io“ (1 8) 

the final result is 

0 == eo exp(iw’t - w ” f )  (19) 

We thus find that the limiting behavior of a torsion pendulum 
(in this case coupled to a dynamic viscometer) after being 
given an impulsive 1oa.ding is as a damped harmonic oscillator, 
and we can use the frequency ( w ’ )  and damping constant 
( w ” )  to determine G* without assuming any rheological 
model. 

From eq 12,17, and 19 we find that if G* = G’ + iG” and 
k* = k‘ + ik” 

G’ = [Z(W” - 0”’) - k‘]/K 

G” = ( 1 2 ~ ~ 0 “  - k“)/K 

(20) 

(21) 

The complex constant k* can be determined from the 
dynamic behavior of the system without polymer solution in 
the viscometer. The geometric constant K can be deter- 
mined for any cup-and-bob or cone-and-plate combination 
by calibration with a nonviscoelastic Newtonian fluid. 

By changing the interpretation of the various constants, one 
could apply the above analysis to any freely damped linear 
viscoelastic system. 

One subtle aspect of the results is that G* is determined at a 
complex value of the angular frequency. But, as was pointed 
out by Struik,* the loss modulus can be determined at real 
frequencies by analytic continuation using a Taylor series. 
We wish to point out, however, that in many cases (and in- 
deed maybe most cases) of interest to polymer rheologists, the 
correction to real frequencies is a small one. Measurements 
with freely damped systems are most easily made when w’ >> 
w ” .  If this inequality holds, the Cauchy-Riemann equa- 
tionse give 

dG” 
d W  

bGI 
bW 

G’(w‘)  = G’(w’ + iw”) + 7 w” 

G”(w’)  = G”(a‘  + jo”) - -, 

(22) 

(23) 

to the first order in w ” ,  where the derivatives are evaluated at 
the real frequency w’ (w”  = 0). If we write the above equa- 
tions in terms of the errors in G’ and G” we find 

G‘(w‘) - G’(w’ + io”) 
G’(U‘) 

and 

1 bG’ 
(25) - -  G”(w’) - G’’(w‘ + iw”) 

G”(0“) 

where tan 6 = (G”/G’ ) .  For all polymer systems the ab- 
solute value of (b  In G”/b In w )  is less than or equal to 1.0;  
in addition, tan 6 rarely exceeds 1.0. Furthermore, approxi- 
mate relationships between viscoelastic functions’ can be used 
to show that G“  - (bG‘/b In w ) .  It follows, therefore, that 
the correction to G’ and G” can be made as small as desired 
by making ( w ” / w ’ )  sufficiently small, for example as in the 
previously mentioned work with concentrated polystyrene 
solutions. 
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Notes 
Production of Organometallic Polymers by the Interfacial 
Technique. XVI. Importance of Hydrolysis in the 
Synthesis of Poly[oxyadipoyloxy(diphenylsilylene)] 
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Hydrolysis is important in the aqueous interfacial reaction 
between organodichlorosilanes or organodichlorostannanes 
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Recently we have been interested in the synthesis of group 
IV polyesters of the below form using the interfacial tech- 
nique. 2 9 3  


